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Abstract. We give a simplified proof of a recent result of X.X. Chen, 
which together with work of G. Szekelyhidi implies that on a sufficiently 
small deformation of a polarized constant scalar curvature Kahler man- 
ifold the K-energy has a lower bound. 



1. Introduction 

The study of canonical metrics in Kahler geometry was initiated by Yau 
[2T] . and has developed into a very large and active field, see Phong and 
Sturm [16] for a survey. A fundamental result in this area says that if a 
compact Kahler manifold (X, to) admits a constant scalar curvature Kahler 
(cscK) metric cohomologous to to, then the Mabuchi K-energy K u ((p) of any 
Kahler potential ip for to is bounded below uniformly. In fact, if the cscK 
metric is to + \J — 1<9<9c/? csc k then one has K^ip) ^ ^(^csck); with equality 
holding if and only if the metric to + \/—ldd(p is also cscK. 

This was first proved for Kahler-Einstein metrics by Bando and Mabuchi 
[2j . In the groundbreaking papers [U [10] Donaldson extended this result to 
cscK metrics on polarized manifolds (i.e. [to] = c\{L) for some holomorphic 
line bundle L) without nonzero holomorphic vector fields. This was further 
extended by Chen and Tian [7] to cscK metrics on any compact Kahler 
manifold. Later a simpler proof of the lower boundedness of the K-energy 
for polarized cscK manifolds was provided by Chen and Sun [6], and more 
recently an even shorter proof was found by Li |15j . 

The main theorem that we want to prove is the following. 

Theorem 1.1. Let (X,J',L') be a polarized complex manifold that admits 
a constant scalar curvature Kahler metric in the class ci(L'). If (X, J, L) is 
a sufficiently small polarized deformation of (X, J',L'), then the K-energy 
in the class cr(L) on (X,J) is bounded below. 

In this situation it follows from Szekelyhidi's deformation result [18J that 
there exists a smooth test configuration (see section [2] for definitions) with 
generic fiber (X, J,L) and central fiber with admits a cscK metric in c\{L) 
(for a proof, see Proposition 6 in |19|). Then Theorem 1.1 follows immedi- 
ately from the following: 
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Theorem 1.2 (X.X. Chen [5]). //£ — > X — > C is a smooth test configuration 
with central fiber that admits a cscK metric in ci(£) ; then on the generic 
fiber the K-energy in the class ci(£) is bounded below. 

In fact, we can compute the infimum of the K-energy in C\{L) by look- 
ing at certain smooth paths of Kahler potentials <pt that converge modulo 
diffeomorphisms to a cscK metric on the central fiber. The infimum of the 
K-energy on the generic fiber is then equal to the limit of the K-energy along 
the path ipt when t goes to infinity. 

Notice that if the central fiber is not biholomorphic to the generic fiber, 
then the generic fiber is not K-stable [9 J (since the central fiber has vanishing 
Futaki invariant [H]), and hence it does not admit cscK metrics (at least if 
it does not have nonzero holomorphic vector fields [111 [T7] ) . 

There is an explicit example of such a test configuration, where the central 
fiber is the Mukai-Umemura threefold |12j . and the generic fiber is Tian's 
unstable deformation of it [20 1 [T3] . This was the first example of a Kahler 
manifold that has a Kahler class with K-energy bounded below but without 
cscK metrics. 

The proof of Theorem 11.21 follows closely the arguments of Theorem 1.7 
in [5], except that we avoid using a result of Arezzo and Tian pQ and there- 
fore we do not have to explicitly use weak geodesies in the space of Kahler 
potentials (these are still needed to prove (|3.3h below). The key to this 
simplification is (|3.4p . which holds for all the paths we consider and not just 
for geodesies. 

This note is organized as follows: in section [2] we will provide the basic 
setup concerning smooth test configurations, and in section [3] we will prove 
Theorem 11.21 
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Szekelyhidi and B.Weinkove for very useful discussions and for encourage- 
ment, and to S.-T. Yau for his advice and support. This work was partially 
supported by National Science Foundation grant DMS- 1005457. 



2. Setup 

A smooth test configuration, as defined by Donaldson in [9], is the fol- 
lowing data. 

• A holomorphic proper submersion ir : X — > C with X a complex 
manifold of dimension n + 1, with a line bundle £ — > X ample on all 
fibers of ir. 

• An embedding X C P N x C with £ equal to the pullback of the 
hyperplane bundle and so that this embedding composed with the 
second projection equals ir. 
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• An action of C* on P via a 1-parameter subgroup p : C* — > 
GL(N + 1,C), which is extended to an action on P N x C by act- 
ing on the second factor using the product in C, and so that X is 
C* -invariant and all the maps are C*-equivariant. 

In this case, the complex n-manifolds X\ = 7r _1 (A) with polarization L\ = 
£|x A are all biholomorphic to a fixed polarized manifold (X, J, L) when A / 
0, while the central fiber (Xq, J$,Lq) is a complex manifold diffeomorphic 
to X but usually not biholomorphic to it. Since ci(Lq) = c\{L\) we will 
identify all these bundles (as complex line bundles), and just call them L. 

Since we assume that it is a submersion, by Ehresmann's theorem we 
conclude that the family X is differentiably trivial, so that there is a diffeo- 
morphism 

F : X x C -»• X, 

such that ir(F(z, A)) = A. We can think of F as a family of maps 

F x : X -»• X, A e C, 

which are diffeomorphisms with the image X\. Moreover, from the con- 
struction of F in Ehresmann's theorem, we can assume that F extends a 
given diffeomorphism of the central fiber, and so we may assume that Fq is 
a biholomorphism between X with the complex structure Jo and its image 
inside X. 

We can also define a different trivialization of X over C* using the 1- 
parameter subgroup p. This acts on X C P N x C as 

p(X)-(z,X') = (p x (z),XX'), AeC*. 

In particular, if z is in X\ (the fiber over 1) then p\(z) is in X\, and p\ 
gives a biholomorphism between X\ and X\ that preserves L. 

We get a holomorphic map (which is biholomorphic with its image) 

p:IxC*4l, 

by sending (z, X) to p\(z), which is a holomorphic trivialization of the family 
over C* and satisfies n(p(z, A)) = A. 

Comparing the two trivializations F and p, we see that there exists a 
diffeomorphism 

/:IxC*4lxC* 

such that F = p o f on X x C*. To say this differently, the map / is of the 
form 

(z,X)^(f x (z),X), 

where f\ : X — > X is a family of diffeomorphisms. Notice that when A ap- 
proaches zero, the maps f\ and p\ are badly behaved, but their composition 

F\ = p\o f x 

has a perfectly nice limit Fq. 

From now on, we will consider the S 1 action on X given by restricting p 
to the circle. Suppose that we have an 5 1 -invariant Kahler metric Q on X 
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with cohomology class Ci(£), and so that the S^-action is Hamiltonian with 
moment map H : X — > R. Recall that this means that if V is the (smooth) 
vector field on X that generates the 5 1 -action, then iyQ = dH. 

If we denote by Vc the holomorphic vector field on X generating the en- 
action, then we have that V = ImVc = ~ J ^~ T (Vc — Vc). If we denote by J 
the complex structure of X then we have JV = ReVc = \ (Vc + Vc)- 

Moreover, from the definition of test configuration, the pushforward 7T* ( Vc ) 
is equal to the vector field generating the standard action of C* on C by 
multiplication, i.e. 7r*(V"c) = If we consider its real part tt*(JV), then 
we can explicitly compute that its flow on C is given by z(t) = e t z(0). It 
follows that the flow of the vector field — JV on X is simply given by p e -t. 

If we now let 

u t = p*-tfi, < t < oo, 

then since p e -t is holomorphic we see that uit are Kahler metrics on (X, J) 
cohomologous to c\(L). Moreover, if we modify them by the diffeomorphisms 
f e -t we get Riemannian metrics on X 

f:- t «H = r e - tP ;- t n = F^ t n, 

which satisfy 

(2.1) \\f*. t uH - FSn\\ ck{g) = \\F:_ t n - FZn\\ CHg) < C k e~\ 

for any k, t (here g is any fixed reference Riemannian metric on X and 
are constants that depend only on k and on the geometry of X,£l,ir). This 
is because we are pulling back the fixed Kahler metric on the ambient 
space X via the maps F e -t that converge smoothly exponentially fast to Fq. 

There is another interesting observation to make. From the definition of 
Lie derivative we see that 
d 

—uj t = p* e - t C- JV Q = -p* e - t d(i Jv tt) = p* e - t d(jL V Q) 
= P * e - t d(JdH) = V=lp* e - t ddH = V=lddp* e - t H. 

On the other hand, if we fix a reference Kahler metric ui on X in ci(L), then 
we can write uj t = li + yf^lddipt for some potentials (ft, which are defined 
only up to addition of a time-dependent constant. Then we see that 

— u t = \f-Lddipt, 

and so we must have that 

ift = P* e -tH + c t , 

where q is a time-dependent constant, that we absorb in <p t by changing the 
normalization of ipt. We can then assume that ct = and pulling this back 
via the diffeomorphisms f e -t we get 

r e -m = ft-t P * e - t H = F* e - t H. 
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Since F*_ t H approaches FqH exponentially fast we see that 
(2.2) Ifi-m-FSHlKCe-*. 

Recall now that on any compact Kahler manifold (X, oS) the Calabi energy 
of a Kahler potential tp is defined by 

Ca(^)= / (R(w v ) ~R) 2 u™, 
Jx 

where fl(w») is the scalar curvature of w^, = oj + \f—ldd<p and R is its 
average (using the volume form w"), while the K-energy of (p is defined by 

KM= ! f <pt(R-R(u>t)M, 
Jo Jx 

where tpt, ^ t ^ 1, is any smooth path of Kahler potentials with <p$ = 
and (pi = tp. 

We can now study the behavior of the Calabi energy and of the K-energy 
along our path LUf For the Calabi energy, note that 

Ca(^)= / (R(uJt)-Rfoj?= [ (R(f*- t u)t) — R) 2 dVf* m , 
Jx Jx 

which thanks to (|2.ip converges exponentially fast to 

/ (R(F^)-R)\F^r, 
Jx 

which is the Calabi energy of the Kahler metric FqQ on (X, Jo) (here R 
denotes the average of the scalar curvature, and R(f* t U)t) is the scalar 
curvature of the Riemannian metric /*_ t wt and dVf* Ut its volume form). 
As for the K-energy, its derivative satisfies 

j t KM = J <pt(R-R(ut))u? = j {f e -m){R- R(f* e -m))dv f: _ tUt , 

which thanks to (|2. 1|) and (|2.2p converges exponentially fast to 

/ (F*H)(R-R(F*mF^r. 
Jx 

But this is just the Futaki invariant of the vector field V on the central fiber 
(X, Jo), which is zero because (X, Jo) admits a cscK metric [H]. So the 
derivative of the K-energy decays to zero exponentially fast. 

3. Proof of Theorem 11.21 

As in Theorem II .2^ we assume that the central fiber admits a cscK metric 
in c\{L). The first step of the proof is to construct a Kahler metric £1 on X 
as in the previous section. First of all we claim that it will be sufficient to 
construct only on a small neighborhood of the central fiber, since the only 
difference that this will make is that the family ujt constructed above will 
only be defined for t sufficiently large (which is enough for all the arguments) . 
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So first we consider the Kahler metric on X 

Oi = (ujps + V^dt A dt)\ x , 

where ujfs is a Fubini-Study metric on and \f— Idt Adt is the flat metric 
on C. Notice that fii is clearly ^-invariant and moreover that the in- 
action is Hamiltonian (since this is true for ujps an d trivially also for the 
flat metric). The cohomology class of Qi is ci(£). 

Since the central fiber admits a cscK metric in ci(L), it follows that there 
is a Kahler potential ip on (X, Jq) so that Fq £l\ + \/—lddtp is cscK. Then 
we just extend ip to a smooth ^-invariant function ip on a neighborhood 
of the central fiber, and by choosing the neighborhood small enough we can 
ensure that Oi + \/—lddip is Kahler when restricted to nearby fibers. We 
then let 

n = n 1 + y/^lddijj + C^ldt A dt, 

for some large constant C, so that f2 is Kahler in a small neighborhood 
of the central fiber. By construction Q, is also ^-invariant, the action is 
Hamiltonian, and the cohomology class of f2 is ci(£). 

We also have that Fq f2 has constant scalar curvature. If we let Ut = p*- t Q 
as before (for t sufficiently large), then it follows that both the Calabi energy 
and the derivative of the K-energy of ojt decay to zero exponentially fast 
when t goes to infinity. 

At this point we need the following inequality of X.X. Chen |4j, which in 
the case of polarized manifolds has a simpler proof due to Chen and Sun [6] 
(see also Berndtsson [3]). It says that for any two Kahler potentials <p, i/j for 
a Kahler metric oo, connected by a piecewise smooth path ipt of potentials 
with ^ t ^ T, LfQ = (p, = V') we have 



(3.3) K a ^)-KM < VC^P)J^ Jj^tfufydt, 

where we are using the obvious notation for piecewise smooth (but not 
smooth) paths. 

We now have all the ingredients to complete the proof of Theorem 11.21 
As before a; is a reference Kahler metric on (X, J) cohomologous to c\ (L) , 
and let ip be any Kahler potential for u. We wish to prove a uniform 
lower bound for K w ((p), independent of (p. Take the family of metrics ujt 
constructed above, with tot = u) + y/—ldd(ft, t ^ to. Notice that this family 
does not depend on ip. We connect the potentials ip and ipt with a smooth 
path <pt with ^ t ^ to with ipo = ip. Concatenating these two paths we 
get a piecewise smooth path ip t with t ^ and we can apply (|3.3p to get 



KM > K u (tpt) - s/C&{<pt) J J <f 2 s oj^ds, 



K-ENERGY ON SMALL DEFORMATIONS 



for t ^ to, say. First of all, since the derivative of K u (ip t ) decays exponen- 
tially fast, we see that 

KM) = KMo) + f -^K u (<Ps)ds 2-C-C f e~ s ds > -C , 
Jt ds ho 

for a uniform constant C$ independent of ip and t. 
Secondly, we split 





flu" da = J tf<ds+ / J fluids, 



x 




and we can bound the second term by using 



s cp 
X JX 



= / utM?dv r _ sWs ^ c, 



for some constant C independent of s and ip, because of (|2.2|) . It follows 
that 



(3.4) \ ipjunds^Ct. 




The first term J Q to J J x ip^u^ds depends on the initial potential p, but is 

a fixed number independent of t. On the other hand the term yJCaJJpt) 
decays to zero exponentially fast, and so we get 



KM > -C - Ct + J pl^ds Ce- 1 ' 2 




for all t ^ to- But since the term J Q <0 J J x ip^oj^ds and the LHS of the 
inequality are independent of t, we can let t go to infinity and get 

KM > -C , 

which is what we want. 

Finally, we can compute the infimum of K w (<p) over all Kahler potentials 
(p as follows. We take ipt, t ^ to, to be the path constructed above. Notice 
that since 4fK ul \(pt) decays exponentially fast, the limit K = lim^oo K u (ipt) 
exists and is finite. The proof of Theorem 11.21 that we have just finished, 
replacing —Co by K, shows that for any Kahler potential tp for uj we have 

KM > K, 

and picking <p = <pt we immediately see that 

MKM = K. 

<p 

It follows then that if we use another path pt (still constructed as above) we 
get the same number K, even if in the construction of (pt we use different 
cscK metrics on the central fiber. 
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It would be interesting to see if one gets the same number K for any path 
(ft such that the metrics uj + y/— Id dipt converge modulo diffeomorphisms to 
some cscK metric. 
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